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Abstract-In this paper, for 4-fold and 8-fold compositions of symplectic schemes, the authors 
obtain the formulae for calculation of the first three terms of the power series in stepsize of their 
formal energies. Utilizing the special properties of revertible schemes, the authors construct higher 
order revertible symplectic schemes for general Hamiltonian systems only through formal energies. 
F,om any order s (even) to order s + 2, a determining conclusion is obtained. And from any order s 
(even) to order s + 4, an algebraic equation system, when s is evaluated whose solution gives a rise 
by 4 in order, is about to be set up. As examples, for the cases of s = 2 and s = 4, the numerical 
results are to be gained. 
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1. INTRODUCTION 
We know that the Hamiltonian system 
$ = JVH(Z), Z E R2n, (1.1) 
where J = on -In 
[ 1 L 0, , H : R2n -+ R1 is a smooth function and V is the gradient operator, 
is structure-preserving. In other words, its phase flow {gt, t E R} is a one-parameter group of 
canonical (symplectic) diffeomorphisms, i.e., the Jacobian of gt with respect to Z satisfies 
[q]‘J[!%!@] = J, 
for any H and any t. For this kind of structure-preserving systems, the structure-preserving 
integrators are symplectic schemes. 
DEFINITION 1. A difference scheme compatible with (1) is said to be symplectic iff its step- 
transition operator G’ : R2” + R2n is symplectic, i.e., 
[!?$]‘J[v] =J, 
for any Hamiltonian function H and any sufficiently small step-size r. 
(14 
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By transforming the symplecticity of difference scheme into the closedness of some differential 
l-form and using the Poincare lemma on closed differential forms, Tang [l] has deduced directly 
the existence of formal energy of any symplectic scheme for general Hamiltonian systems, which 
is represented as a power series in stepsize of the scheme. More precisely, he has established the 
following theorem. 
THEOREM TA. For any symplectic scheme (with step-transition operator G’) compatible 
with (1 .l) with order s, there exists a sequence of smooth functions: 
Hs,Hs+l,Hs+a.. . , 
such that G’ is the map of the phase Aow gk when t is evaluated r, i.e., 
G’(Z) = E $Z;, 
i=o 
(1.3) 
EJZ!!! 
where Zil = Z, Zil = JOE(Z), Zi+ll = s Zi], k = 1,2,. . . (for these kinds of signs, one 
can refer to [2]), with Hamiltonian 
ii = H + ?Hs + T-‘+~H~+~ + T’+~H~+~ + . . . . (1.4) 
Conversely, any scheme determined by (1.3) and (1.4) is symplectic with order s (H, # 0). 
Such being the case, for the composition of any two symplectic schemes compatible with (1.1) 
undoubtedly, there exists such a formal energy for the composition itself is a compatible sym- 
plectic scheme too. And naturally, this formal energy is relative to or even determined by those 
of the original two schemes. In consideration of this point, Tang [l] has obtained the formulae 
for calculation of the first three terms in the power series of the formal energy of the composition 
a.5 follows. 
THEOREM TB. Suppose F’(Z) and GT(Z) are two schemes of order s( 2 2)) and the correspond- 
ing energies are 
ir = H + r”P, + ?+l P,+l + T’+~ Ps+2 + . . . , (1.5) 
ij = H + PQ, + ?+lQs+l+ ~‘+~Qs+z + . +. , (1.6) 
then 
and 
Gj“ o F”(Z) = c +O” ](A + LJ) rli z;l 
i=O 
i! (1.7) 
where 
@ = H + [(A + CL) ~1’ us + [(A + p) T]‘+~ us+1 + [(A + p) T]s+2 us+2 + . . (1.8) 
u 
8 
= Xs+lPs +@+lQs 
(A + ,u)s+l 
w s+l = Xs+2Ps+1 + ~~+~Qs+l + WVWT JV(X’Ps - $Qs) 
(A + p)s+2 2(X + /L)s+2 
u 
As+3Ps+2 + ~~+~Qs+2 
s+2 = 
(A + pp+3 
+ MVWT JVW+‘P,+I - pSflQs+d 
2(X + p)s+3 
+ A& - X)(VH)T JV { (VH)T J [V(~‘f’s - ~‘Qs)l} 
12(X + pL)s+s 
(1.9a) 
(1.9b) 
(1.9c) 
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Special kinds of symplectic schemes are revertible ones. 
DEFINITION 2. A difference scheme compatible with (1) is said to be revertible iff its step 
transition operator G’ : R2” + R2n satisfies 
G-’ o G’ = id, (1.10) 
for any Hamiltonian function H and any sufficiently small step-size r. 
As pointed out by Tang [l], revertible symplectic schemes have special properties. 
THEOREM TC. With the assumptions in Theorem TA, the scheme characterized by G’ is re- 
vertible iff the terms with odd subscripts, in the sequence 
are null. 
THEOREM TD. All revertible schemes are of even order. 
In the matter of constructing of schemes with higher order through lower order ones, we like 
to mention the following contributions. 
For general Hamiltonian systems, in his Ph.D. dissertation, Wang [3] gave a symplectic scheme 
of order 3 by composing the mid-point rules of order 2 for three times with different stepsizes. 
He used the Taylor’s method. For special Hamiltonian systems with separated Hamiltonian 
functions, Feng [4] and Qin/Wang/Zhang (51 obtained explicit symplectic schemes of higher 
order from ones of lower order in a similar way. For the same kind of special Hamiltonian 
systems, Yoshida [S] constructed symplectic schemes of even higher order by composing explicit 
ones of lower-order. He used the Baker-Campbell-Hausdorff formula on Lie series. For ordinary 
differential systems, by composing a self-adjoint (revertible) scheme for three times with different 
stepsizes, Qin/Zhu [7] constructed a new scheme with order higher by 2 than the original one. 
They also used the BCH formula. 
In this paper, for 4-fold and 8-fold compositions of symplectic schemes, the authors derive 
from Theorem TB the formulae for calculation of the first three terms of the power series in 
stepsize of their formal energies (Section 2, Theorem 1,2). Utilizing the special properties of 
revertible schemes as displayed in Theorem TC-TD, the authors construct higher order revertible 
symplectic schemes for general Hamiltonian systems only through formal energies. From any 
order s (even) to order s + 2, a determining conclusion is obtained (Section 3, Theorem 3). And 
from any order s (even) to order s + 4, an algebraic equation system, when s is evaluated whose 
solution gives a rise by 4 in order, is about to be set up (Section 3, Theorem 4). As examples, for 
the cases of s = 2 and s = 4, the numerical results are to be gained by implementing Newton’s 
method on LEO 486 (Section 3, Theorem 5,6). 
2. FORMAL ENERGIES OF MULTI-FOLD 
COMPOSITION OF SYMPLECTIC SCHEMES 
Using Theorem TB, we obtain the following theorem. 
THEOREM 1. With the assumption and notations above, we have 
Go’ o FC”’ o Gp”’ o Fx’(z) = E [(A + P + cr + 0) di Zkl, 
i! V 
i=O 
(2.1) 
where X, p, CY, fl E R, and the corresponding energies are, respectively 
v=H+[(X+~+~+p)7]SV,+[(X+CL+CY+P)7]s+1V,+1+[(X+cl+cr+P)7]"+2V,+2+... (2.2) 
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where 
V = (A”+’ -t c?+‘) P, + (CL”+’ + Pa+‘) QS 
8 
(X+/.A+cr+P)a+ 
V 
(x*+2 + (Y’+~) P~+I + (pa+2 + Ps+2) Qs+l (VH)TJV 
a+1 = 
(A + p + o! + fly+2 + 2(x+/J+cr+p)*+2 
x [x’+‘(~+cr+p)+crd+‘(-x-jJ+p)]P~ 
{ 
+ [,u’+‘(-X + (Y + P) + Pa++X - CL - a)] Qa} 
s+3 V 
(x*+3 + aS+3) ps+2 + (P 
s+2 = 
+ PS+3) Qs+2 + (VH)TJV 
(A + /A + o! + pp+3 2(X+/.J+a+/qa+3 
x 
1 
[xs+2(p + a + P) + ab+2(-x - p + P)] Ps+1 
- [$+2(x - cx - P) + Ps+2(X + CL + a>1 Qa+l) 
+ (VH)TJVo[(VH)TJV]o 
12(X + /A + (Y + p)s+3 
x x~+‘(jL+a+P)(/.A+(Y+P-A) 
{[ 
+(~‘+l ([A + /.L + P][A + c1+ P - al - 6[X + ~llp)] Pa 
+ [/is+’ ([A + a + Pl[X + a + P - P] - 6+ + PI) 
+p”+‘(X + p+ a)0 + CL + a- PI] Q,}. 
(2.3a) 
(2.3b) 
(2.3~) 
PROOF. Utilizing (1.9a)-( 1.9c) repeatedly, simply through tedious but straightforward calcula- 
tion, we can obtain (2.3a)-(2.3c). I 
From Theorem 1, we deduce immediately the following corollary. 
COROLLARY 1. With the assumptions in Theorem 1, we have 
FAT o G”T o F”(Z) = (2.4) 
and 
where 
v = H + [(2X + /J) ~1% + [(2X + /.A) ~]“+%+I + [(2X + p) 7]a+2Vd+2 + . -. (2.5) 
v, = 2X*+‘P, + @+lQS 
(2X + /A)#+’ ’ 
(2.6a) 
V 
2XS+2 Pa+1 + P~+~Q~+I 
s+l = 
(2X + /&)a+2 ’ 
(2.6b) 
V 
2X”+3 Pa+2 + j~‘+~Qs+2 
s+2 = 
(2X + j++3 
+ (VH)~JVO [(vH)~Jv]o{x~(x+~)(x~P, - CL~Q~)I 
6(2X + /.A)~+~ 
(2.6~) 
Furthermore, we have Theorem 2. 
THEOREM 2. With the assumption and notations above, we have similarly 
F6T 0 FY7 o Ffl’ o Far o FKT o Fur oF“~oF’~(Z) = c 
+m [(h+~+v+n+a+p+r+6)rl’2[‘1 
k0 I! 
(2.; 
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where A, p, v, IC, Q, /3, y, 6 E R, and the corresponding energy is 
l ~=H+[(X+~+v++n+a+p+r+6)T]SX, 
+[(x+~+v++K.+(Y+p+“f+6)T]s+1x,+1 
+[(X+~+V++K+CY+P+~++)T]s+2Xs+2 
+... 
where 
a+1 
x, = 
xs+l + /A + p+l + &s+l + (ys+l + p9+1 + y+l + as+1 
(A+p+v+IC+a+p+y+qS+l 
p 
.9 
X 
As+2 + pa+2 + p+2 + p+2 + as+2 + ps+z + y+2 + p+2 
s+l = 
(A + p + v + K. + a + p + y + a)“+2 
p 
s+l 
(VH)T JVP, 
+ 2(X+I_L+v+r;+cy+P+y+6)5+2 
x Xs+1(p+v+K+cr+p+-y+6) { 
+jks+l(-X+v+tc+a+p+~+S) 
+vS+‘(-X-p++++++++++) 
+d+‘(-X-p-v+++++~+6) 
+as+‘(-X-p--_--_++++++) 
+p9+‘(-x-p-v-Ic-a++++) 
+yS+l(-X-p-v-Ic-a-p+S) 
+ 6s+‘(-x -p - Y - K -a - p - y)} 
X 
As+3 + p+3 + ys+3 + p+3 + as+3 + ps+3 + y+3 + p+3 
s+2 = 
(X+p+V+“+a+p+~+6)“+2 
W#-JVP,+l 
+ 2(X + p + v + K. + a + p + y + 6)“+3 
x xs+2(p+Y+IE+cr+p+y+s) 
=I 
+ps+2(-X+v+K+a+p+~+S) 
+VS+y-X-p+K+a+p+~+6) 
+Ks+2(-X-p-v+f+++++q 
+aS+2(-X-p-v-K+p+y+S) 
+pS+2(-X-p-v--_--_++++) 
+y”+~(-A-p-v--_--_-/3+q 
+ t7+y-x - p - v - K. - 0 - p - r)} 
P 9+2 
(2.8) 
(2.9a) 
(2.9b) 
(VH)T JV o [(VH)T J(VP,)] 
+ 12(X + p + Y + K + Q + p + y + 6‘)“+3 
(2.9c) 
x X9+‘(~+v+r;+a+p+r+6)(Cl+Y+IE+cr+P+~~+6-X) 
{ 
+I_ls+l[(X+v+K.+(Y+p+y+S)(X+v+IE+(Y+P+Y+S--) 
-6X+ + K + a + P + y + S)] 
+vs+‘[(X+~+IC+(Y+p+y+S)(X+/1+IE+(Y+P+Y+6--) 
-6(X + P)(K + a + P -I- y + S)] 
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+f?+1[(x+p+v+a+p+y+6)(x+p+v+a+p+y+~-~) 
-6(X + /.L + ~)(a + P + y + S)] 
+~S+1[(X+CL+V+IE+P+Y+b)(X+~+V+K+P+Y+6--) 
-6(X -I- p + Y + ~)(p + 7 + S)] 
+pS+‘[(x+~+v+K.+(Y+y+6)(x+~+v+K++++++-~) 
-6(X + /A + v + K. + (~)(y + S)] 
+ys+‘[(x+~++++++++++)(x+~+++++cr+p+6-~) 
-6(X +/A + Y + K + LY + /3)S] 
PROOF. Utilizing (2.3a)-(2.3c) and (1.9a)-(1.9c), simply through tedious but straightforward 
calculation, we gain (2.9a)-(2.9c). I 
Similarly, we deduce the following from Theorem 2. 
COROLLARY 2. With the assumption and notations above, we have similarly 
F-f7 O Ffl’ O Far o F’=’ CI Fv7 o Ffi”’ o Fx’(z) = E [(A + P + y + fs + a + P + 7) 4” z[“l 
I! 
(2 10) 
2 * 
I=0 
and the corresponding energy is 
~=H+[(x+p+v++fc+cx+/3+~)T]sxs 
+ [(A + p + v + +K + a + p + y) T]s+lxs+l 
+[(X+p+V++IE+a+~+-y)T]s+2Xs+2 
+... 
where 
x, = 
x.3+1 + p+l + vs+l + /$s+l + as+1 + ps+1+ y+l p 
(X+p+V+K++++++)S+l 8 
X s+1 = 
As+2 + @+2 + ys+2 + /$s+2 + as+2 + ps+2 + 7s+2 p 
(A + p + v + K. + o! + p + y)s+2 
s+l 
(VH)* JVP, 
X 
x.9+3 + /p+3 + p+3 + Ic.9+3 + &+3 + ps+3 + yf3 
s+2 = 
(A + p + v + fc + Q + p + y)Sf2 
(VWT JVPs+l 
+ 2(X + p + v + K + cx + p + y)s+3 
p 
sf2 
(2.11) 
(2.12a) 
(2.12b) 
x Xs+2(p+V+n+a+p+$ { 
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+ jAs+2( -A + v + 6 + a + P + 7) 
+vs+2(-x-~+Ic+a+P+y) 
+ d+2(-x - /A - v + a + P + 7) 
+ a8+2(-x - /A - v - IE + P + 7) 
+ps+2(-x-~-v--_--_++) 
+~~+2(-x-~-v-K--(Y-~)} 
(VH)T JV 0 [(VIY)~ J(W)] 
+ 12(X+p+v+~+++f++y)5+3 
Xs+l(~+v+K.+afp+r)(~+v+K.+CY+P+Y--X) 
+pS+1[(X+v+K+cr+P+y)(A+v+rc+a+p+r-p) 
-6X(v+ IC+QI +P+r)] 
+vs+'[(X+~+~++++++y)(X+Cl+K.+a+p+r-Y) 
-6(X +~)@+a++ +-/)I 
+d+1[(X+p++++++++)(X+p+~+~+P+Y--) 
-6(A+~+4(a+P+-/)1 
+d+l[(A +p+++++/3+r)(X+p +y+K +p+r -a) 
-6(X +P + v + ~)(fl+~)] 
+p+1[(X+p+v+K++++y)(X+p+V+K.+~+-/-P) 
-6(X+~+v+~+cr)yj 
+~"+'[(X+p+v+K+cY+P)(X+II+V+~+CY+P--)I} 
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3. CONSTRUCTING HIGHER ORDER 
REVERTIBLE SYMPLECTIC SCHEMES 
First, we deduce immediately from Definition 2 the following statement. 
LEMMA 1. If G’ is an invertible scheme, then for any n and Ac, Xi,. . . , A, E R, 
GA-’ o. . . GXIT o GAO7 o GA17 o, . . GXnr 
is also an invertible one. 
In (2.6a)-(2.6c), if 
bps = aQs, a,bE R, a,b#O 
and 
2x+/&=1, 2aXS+1+bpS+1= 0, 
then 
A= 
1 _ (F) i/(s+i) 
2 _ (2+) i/(s+i) ’ p = 2 _ (2#/(s+l) 
(2.12c) 
(3.1) 
(3.2) 
In this case V, = 0. If FT and G’ mentioned in Corollary 1 are revertible, then from Lemma 1, 
FAT o Gp’ o FAT is revertible too, and Vs+l is automatically null. Thus FAT o GpT o FAT is of 
order s -t- 2. So far we have the following theorem. 
THEOREM 3. If F7(Z) and G7(Z) are two revertible symplectic schemes of order s( 1 2) for 
Hamiltonian (l.l), then 
FAT o GpL’ o FAT(Z) (3.3) 
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with real numbers A, p given by (3.2), is also an invertible symplectic scheme for (1.1) with order 
s + 2. 
For instance, the mid-point rule TT: 
5+Z 
Z=Z+TJVH 2 
( ) 
and the Runge-Kutta scheme Tz: 
E = 2 + ; J [VH(Kl) + VH(&)] 
KI = 2 + & J [3VH(K1) + 2VH(Kg)] 
Kz = 2 + & J [4VH(K1) + 3VH(&)] 
are both revertible symplectic with order 2. The corresponding formal energies are 
(3.4) 
(3.5) 
T2 
ii1 = -- Hz2 
24 
2 + & HZ4 (Z”])4 + -& Hz3 (Z”])’ 2f2] + & Hzz (Z[“l>’ + O(T~) 
(3.6) 
and 
fi2 = _ g HZa (zi’1) 2 + 266g’4 
1442 x 120 
Hz1 (z1’1)4 
427~~ (3.7) 
+ 
1442 x 10 
2 2[21 + ‘121T4 Hzz 
1442 x 10 
respectively, (refer to [ 11). If F’ = T; , G’ = T,7, composing them in such a way of (3.2)) we gain 
an invertible symplectic scheme of order 4 by evaluating A, p in (3.2) on setting 2a/b = 12/11. fl 
Particularly in Theorem 3, when F7 = G’, then a = b in (3.1) and (3.2) becomes 
A= l _2l/(s+‘) 
2 - 2l/(s+l) ’ P= 2 - 21/(s+l) ; (3.8) 
these two numbers can also be found out of [5-71. 
Similarly, we can deduce Theorem 4 from Theorem 2. 
I 
THEOREM 4. If F7(Z) is a revertible symplectic scheme of order s( 2 2) for Hamiltonian (1 .l), 
then 
FAT o F’1’ o FUT(Z) o Fn’ o Fur o F’“’ o FAT(Z), (3.9) 
with real numbers A, p, v and fi given by 
2(X+/J + V) + K. = 1, 
2(x8+1 + $+l + ys+l) + /?+I = 0, 
qxs+3 + ps+3 + ys+3) + /$s+3 = 0, 
4(X’+’ + /A’+~ + Y’+~) + 8X(1 - X - /A) /A’+~ + 4(X + /~)(l + 6) Y’+~ + (1 + /c~) /?+l = 0, 
(3.10) 
is also an invertible symplectic scheme for (1.1) with order s + 4. 
PROOF. With the assumptions above, we obtain from (2.12a)-(2.12c) 
2(X + p + V) + fc = 1, 
2(x8+1 + $+I + #+I) + f$s+l = 0, 
2(x8+3 + //+a + ys+s) + /$s+s = 0, 
2x9+‘(1 - X)(1 - 2X) + 2/.Ls+’ ((1 - p)(l - 2,~) - 6X(1 - X - p)l 
+21/‘+l ((1 - ~)(l - 2~) -6(X + /~)(l -A -/L - v)] 
+~‘+l [(l - ~)(l - 2~) - 6(X + p + v)(l - X - /J - v - K)] = 0, 
which is equivalent to (3.10). 
(3.11) 
I 
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System (3.10) is a general equation system, given a value for s, it has a solution for the unknown 
numbers A, p, Y and K however, which cannot be represented by any algebraic formula similar 
to (3.2). Up to an error of 10-‘5, we have solved equation system (3.10) for s = 2 and s = 4, by 
implementing Newton’s method on LEO 486, the numerical results are as follows: 
X = 0.7845136104775725, 
s=2: 
p = 0.2355732133593525, 
v = -1.177679984178892, 
K. = 1.315186320683943, 
(3.12) 
A = 0.8461211474696716, 
s=4: 
p = 0.1580128458008584, 
u = - 1.090206660543933, 
(3.13) 
n = 1.172145334546805. 
Hence, we obtain the following theorem. 
THEOREM 5. .IfF(Z) is an revertible symplectic scheme of order 2 for Hamiltonisn (l.l), then 
Fx’ o FW o J’“‘(Z) 0 FnT o F”’ o Fp7 0 F”(Z) 
with real numbers A, p, v and IE given by (3.12), is also an invertible symplectic scheme for (1.1) 
with order 6. 
THEOREM 6. If F’(Z) is a revertible symplectic scheme of order 4 for Hamiltonian (l.l), then 
FAT o Fe7 o FVT(Z) o F”’ o Fv’ o Fp” o FAT(Z) 
with red numbers A, p, Y and 6 given by (3.13), is also an invertible symplectic scheme for (1.1) 
with order 8. 
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